CLASSIFICATION OF (n + 3)-DIMENSIONAL METRIC n-LIE ALGEBRAS 
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Abstract. In this paper, we focus on (n+3)-dimensional metric n-Lie algebras. To begin with, 
we give some properties on (n + 3)-dimensional n-Lie algebras. Then based on the properties, 
obtain the classification of (n + 3)-dimensional metric n-Lie algebras. 

^ ' 

o : 

(N ; 

§ . 1. Introduction 
^ ; 

CN ■ The theory of n-Lie algebras is strongly connected with many other fields, such as dynamics, 
, geometries and string theory. Takhtajan [25] developed the geometrical ideas of Nambu me- 

• chanics |20) and introduced an analogue of the Jacobi identity, which connects the generalized 
(—] ! Nambu mechanics with the theory of n-Lie algebras introduced by Filippov [7J. It is given in 
j3 ' [H] some new 3-Lie algebras and applications in membrane, including the Basu-Harvey equation 

S : 

I— I, and the Bagger-Lambert model. More applications can be found in [5l [121 [13 [El [22l [23l [26]. 

^— I ■ A class of n-Lie algebras (finite dimensional, real, n > 2) which have appeared naturally in 

> ; 

I mathematical physics are those which possess a non-degenerate inner product which is invariant 

ON . 

• under the inner derivations, which are called metric n-Lie algebras. They have arisen for the first 
\^ ', time in the work of Figueroa-0' Far rill and Papadopoulos [lOj in the classification of maximally 

' super symmetric type II B supergravity backgrounds [llj . and more recently, for the case of 

I n = 3, in the work of Bagger and Lambert [H [2] and Gustavsson [13J on a superconformal field 

■ theory for multiple M2-branes. It is this latter work which has revived the interest of part of the 

, mathematical physics community on metric n-Lie algebras. There are some progress on metric 

n-Lie algebras, such as the classification for Euclidean (TS] (see also [21]) and lorentzian metric 
n-Lie algebras [8] , the classification of index-2 metric 3-Lie algebras [T7] and a structure theorem 
for metric n-Lie algebras [9j. 

The classification of n-Lie algebras is more difficult than that of Lie algebras due to the n-ary 
multilinear operation. As we know, the only attempt to the classification of (n -|- 2)-dimensional 
n-Lie algebras is due to 6-dimensional 4-Lie algebras The main goal of this paper is to 
classify (n -|- 3)-dimensional metric n-Lie algebras. To begin with, we get some properties on 
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(n + 3)-dimensional n-Lie algebras by the basic results about the n-Lie modules of simple n-Lie 
algebras. Furthermore, we give the classification of (n + 3)-dimensional metric n-Lie algebras. 

Throughout this paper, we assume that the algebras are finite-dimensional. Obvious proofs 
are omitted. 

2. n-LlE ALGEBRA AND METRIC n-LlE ALGEBRA 

2.1. n-Lie algebra. An n-Lie algebra is a vector space q over a field F equipped with an n- 
multilinear operation [xi, • • • ,Xn] satisfying 

[Xl,--- ,Xn] = Sgn((T)[x^(i),--- (2.1) 

n 

[xi,--- [yi, • • • ,yn]] = ^[yi,--- ,Xn-i,yi],--- ,yn\ (2.2) 

i=l 

for all Xl, • • • , x„__i, yi, • • • , yn £ 01 and a £ Sn- Identity (|2.2p is usually called the generalized 
Jacobi identity, or simply the Jacobi identity. 

A subspace B of an n-Lie algebra g is called a subalgebra if [xi , • • • , x„] € B for all xi , • • • , x„ G 
B; whereas an ideal / is a subspace of g if [xi,X2 • • • ,x„] € B for all xi G I,X2, ■ ■ ■ ,x„ E g. 
Let ^1, ■ • • ,An be subalgebras of an n-Lie algebra g. Denote by [Ai, A2, • • • , An] the subspace 
of g generated by all vectors [xi, X2, • • • , x„], where Xj € for z = 1, 2, • • • , n. The subalgebra 
0^ = [05 0r ■ ■ )0] is called the derived algebra of 0. If 0^ = 0, then g is called an abelian n-Lie 
algebra. The subset C(g) = {x G g|[x, yi, • • • ,yn-i] = 0, Vyi, • • • ,yn-i S g} is called the center 
of g. An ideal / is said to be maximal if any other ideal J containing / is either g and /. An 
n-Lie algebra is said to be simple if it has no proper ideals and dimg^ > 0. 

Lemma 2.1. /// is a maximal ideal, then g/I is simple or one- dimensional. 

The classification of simple real n-Lie algebras is given as follows. 

Theorem 2.2 ([15j). A simple real n-Lie algebra is isomorphic to one of the (n+1)- dimensional 
n-Lie algebras defined, relative to a basis Ci, by 

[ei, ■■■ ,ej, ■ ■ ■ ,e„+i] = (-l)Viej, 1 ^ i ^ n + 1 (2.3) 

where symbol Cj means that ej is omitted in the bracket the are signs. 

It is plain to see that simple real n-Lie algebras admit invariant inner products [9]. In- 
deed, the n-Lie algebra in Theorem 12.21 leaves invariant the diagonal inner product with entries 
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An ideal / of an n-Lie algebra g is called an n-solvable ideal if /('"'") = for some r ^ 0, where 
j(o,n) _ J g^^^ j{s+i,n) _ |^j(s,n)^... ^ j(s,n)j £qj. g ^ q by induction. The maximal n-solvable 

ideal of q is called the n-radical of q. An n-Lie algebra g is said to be strong semisimple if the 
n-radical of q is zero. 

Lemma 2.3 ([E]). Let q be a finite- dimensional n-Lie algebra over an algebraically closed field 
of characteristic zero. Then g has a decomposition g = 5 © r, where 5 is a strong semisimple 
subalgebra and x is the n-radical of q. 

Lemma 2.4 ([3]). Let q be a finite- dimensional n-Lie algebra over an algebraically closed field 
of characteristic zero. Then g is strong semisimple if and only if g can be decomposed into the 
direct sum of its simple ideals. 

An n-Lie module over an n-Lie algebra g is defined as a vector space M such that the semi- 
direct sum g + M satisfies the generalized Jacobi identity. This means that the brackets [, • • • , ] 
on g is continued to g + M such that [xi, ■ ■ ■ , x„] = 0, if at least two arguments among xi, - ■ ■ ,Xn 
belong to M and the generalized Jacobi identity is true for all xi, • • • , € g + M. In other 
words, 

[xi , • • • , Xj_l , TTi, Xj-)-l , ■ ■ ■ , Xn] — [xi , • • • , Xj — 1 , Xj_|_x , OT,, • • • , Xn] i 1 ^ 1 < n, 

[Xl, • • • ,X„_i, [x„, • • • ,X2n-2,m]] - [Xn, ■ ■ ■ ,X2n-2, [xi, • • • ,Xn-l,m]] 

2n-2 

— ^ ^ [Xn ) ' ' ' ) Xj— 1 , [xi , ■ ■ ■ , Xji—l, Xj] , Xj-i-i , • • • , X2n— 2 1 ) 
i=n 

[Xl,--- ,X„_2, [Xn, ■ ■ ■ ,X2n-l],'m] 
2n-l 

— ^ ^ [Xn , ■ ■ ■ , Xj— 1 , [xi, ■ ■ ■ , Xn—2 ; Xj, TTl] , Xj+i , • • • , X2n— l] j 
i=n 

for all Xl, • • • , x„_2, Xn, ■ ■ ■ , X2n-i ^ and m € M. 

A subspace of M is called an n-Lie submodule of M if [xi, • • • , Xj_i, m, Xj+i, • • • , x„] € A^, 
for all m G A and xi, • • • ,£{,■■■ , x^ G g. M is said to be irreducible if any submodule is trivial 
and completely reducible if it can be decomposed to a direct sum of irreducible submodules. 

2.2. Metric n-Lie algebra. A metric n-Lie algebra g is an n-Lie algebra over M with a sym- 
metric non-degenerate bilinear form (, ) satisfying 

([Xi,- • • ,Xn],y) + {Xn, [Xl,- • • ,X„_i,?/]) = (2.4) 

for all Xl, • • • ,Xn,y & Q. 
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Given two metric n-Lie algebras Qi and we may form their orthogonal direct sum gi (BQ2, 
by declaring that 

[xi,X2,yi, ■ ■ ■ ,yn-2] = and (xi,X2) = 0, 
for all Xi G gi and 2/j G gi © 02- The resulting object is again a metric n-Lie algebra. A metric 
n-Lie algebra is said to be indecomposable if it is not isomorphic to an orthogonal direct sum 
of metric n-Lie algebras gi © g2 with dimg^ > 0. 
If C g is any subspace, we define 

= {v e q\{v,w) = 0,Vu' € W}. 

Notice that (W^)^ = W. We say that W is non-degenerate, if n W-^ = 0, whence V = 
W © ly-*-; isotropic, if W Q W-^; Of course, in positive definite signature, all subspaces are 
non-degenerate. 

An equivalent criterion for decomposability is the existence of a proper non-degenerate ideal: 
for if / is a non-degenerate ideal, g = / © I"*" is an orthogonal direct sum of ideals. 

Lemma 2.5 ([9]). If g is a metric n-Lie algebra, then C(g) = (g"*^)"*". 

3. Some properties on (n + 3)-dimensional n-LiE algebras 

In this section, we firstly get some properties on (n + 3)-dimensional n-Lie algebras, which 
play a crucial role in the classification of (n + 3)-dimensional metric n-Lie algebras. Let Vn be 
the unique simple n-Lie algebra over the complex numbers field, defined by 

[ei, • • • ,ei, • • • ,e„+i] = {-Ifei, 

where ei, • • • , e^+i is a basis of Vn- Then we have: 

Lemma 3.1 ([6]). Any finite- dimensional n-Lie module ofVn is completely reducible. 

Lemma 3.2 ([6j). The dimension of any irreducible n-Lie module of Vn with highest weight t 
^. equal to^m. 

Corollary 3.3. Let V be an n-Lie module of Vn in dimension 2. Then V = Vi ® V2, where 
Vi, V2 are 1-dimensional n-Lie modules ofVn- 

Proof. Assume that V is an irreducible n-Lie module of Vn with highest weight t. By Lemma [321 

t / 0. But for t > and n ^ 3, 

, n + 2*-l/n + t-l\ n + 2t-l fn + t-2\ 

dimV = = ^ > 2. 

n+t-lV t J t \ t-1 J 

It contradicts dimy = 2. Then V is reducible. By Lemma |3. 11 we have ^ = Vi © V2. □ 
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Theorem 3.4. Let q be an (n + 3) -dimensional n-Lie algebra over the complex numbers field. 
Then dimg^ ^ n + 2. 

Proof. If g is n-solvable, then the conclusion is obvious. Assume that g is not n-solvable. Then 
g = ® t by Lemma 12.31 and Lemma 12.41 where r is the n-radical of g in dimension 2. 

Clearly, r is an n-Lie module of Vn- By Corollary 13.31 x = Vi (B V2, where Vi,V2 are the 
1-dimensional n-Lie module of Vn with highest weight 0. It follows that there is a basis of 
ei, • • • , en+3 of g, such that ei, • • • , e„+i G e„+2 € Vi, e„+3 € V2, and 
[ei, • • • ,ei, • • • e„+i] = {-Ifei, 1 ^ i ^ n + 1, 

[ei, • ■ ■ ,ej, • • • ,ej-, • • • ,en+i,en+2] = 0, 1 ^ i < j ^ n + 1, (3.1) 
[ei, • • • , ei, • • • , ej, • • • , e„+i, e^+s] =0, 1 ^ i < j ^ n + 1. 
By Jacobi identity, the equations (j3.ip and the fact that r is an ideal of g, we have that 
[ei, • • • , e„_2, en+2, en+3] = — [[^2, ■ ■ ■ , Cn+i], 62, • • • , e„_2, e„+2, 6^+3] 

= — [^2 , ■ ■ ■ ) fin , [Cn+l , 62 , • • • , e„_2 , e„+2 , Cn+s]] 
n-2 

+ ^[en+i,-'' ;[e2,--- ,en,ej],--- , e„_2, en+2, e^+s] 

+ [Cn+l , 62 , • • • , en-2 , [e2 , • • • , 6^ , e„+2] , Cn+a] 
+ [Cn+l, 62, • • • , en_2, 6^+2, [e2, • ' ' ,671, Cn+s]] 

= 0. 

Similarly, [a^ , ■ ■ ■ , ej„_2, e„+2, Cn+s] = for ah 1 < ii < • • • < in-2 < n + 1. That is, g^ = K- 
Namely dimg^ = n + 1. □ 

4. CLASSIFICATION OF (n + 3)-DIMENSIONAL METRIC n-LlE ALGEBRA 

By Lemma [2.5l and Theorem 13.41 it is easy to know the center of an (n + 3)-dimensional metric 
n-Lie algebra is nonzero. Moreover, 

Lemma 4.1. The center of a non-abelian (n + 3) -dimensional metric n-Lie algebra is 1- or 2- 
dimensional. 

Proof. Clearly, dimC(g) ^ 1. If dimC(g) ^ 3, then dimg^ ^ 1. It contradicts Lemma 12.51 □ 

Now let g be an (n + 3)-dimensional metric n-Lie algebra. If C(g) is non-isotropic, then there 
exists X € C(g) such that (x,x) 7^ 0. Then the decomposition g = Mx ® x"*- is a direct sum of 
non-degenerate ideals. In general, there is a well-known fact: 
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Lemma 4.2. Let q be a metric n-Lie algebra with a non-isotropic center. Then q is a direct 
sum = 0a © Qi, where Qa is an abelian ideal with non- degenerate restriction (, ) on it and Qi is 
an ideal with an isotropic center C{Qi). 

Lemma 4.3. Let q be an {n + x^)- dimensional metric n-Lie algebra with an isotropic center. 
Then dimC(0) = 2. 

Proof. Since g is a metric n-Lie algebra with an isotropic center, we know g is non-abelian. 
By Lemma 14. 1^ dimC(g) = 1 or 2. Assume that C{q) is isotropic and dimC(0) = 1. Let 
ei , 62 , • • • , 6^1+3 be a basis of g such that eiSC(g),ei,-- - , e„+2 € g^ , and 

(ei,e„+3) = l, (ej,ei)=ej, VI < -i < n + 3, 

where ei are signs. Let Qj- denote [e2, ■ ■ ■ , Cj, • • • , ej, • • • , e^+s] for ah 2 ^ i < j ^ n + 3. The 
nonzero brackets are only the following: 

Ci,n+3 = [62, ■ ■ ■ , Cj, • • • , e„+2] = Oi^n+sCi + a\^^_^^ei, V2 ^ -i ^ n + 2, 
Ci,j = [62, • • • , ej, • • • , ej, • • • , en+s] = a-je, + aijCj, V2 ^ i < j < n + 3. 

By the definition, we have 

([62, • • • ,ej, • • • ,e„+2],en+3) + (-l)"'^^~-'([e2, • • • ,6^, • • • ,ej, • • • ,e„+3],ej) = 0, 

([62, • • • ,6}, • • • ,en+2],6n+3) + (" 1)""*""^"' ( [62 , ' ' ' ,6"^, • • • , 6 j , • • • ,en+3],ei) = 0. 

It follows that 

«ln+3 + = 0, a}„+3 + (-l)«+i-V,at^ = 0. (4.1) 

Similarly, we have 

([62,- •• ,ei,---e„+2],ei) = (-1)"+^"^ ([e2, • • • ,ei,-- - ,ej-,-- - , e„+2, e^], e^) 

= (_l)"+i-j^[e2,... ,ei,--- ,ej-,--- , en+2, e^], e^) 
= (_l)n+i-^-(_l)-+i-([e2,... ,e,v ,e„+2],e,) 
= ([62, • • • ,6j-, • • • ,en+2],ej). 

That is, 

(-l)V,a^,,+3 = (-l)-'6,a^,„+3 (4.2) 
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By equations (j4.ip and (j4.2p . we have, for all 1 < A; < i < j < n + 3, 

~^k,i'^k,j^j ~ ^k,j^k,i^i 

=(-ir->^ekal^_,,{-iy^+'-h,al^^^^^^ (4.3) 
={-'^T~''^kaljaln+3ej + (-l)"~^fc<j4,„+3ei 

= ( — 1)"' ^^ka\n+2,^ij- 

Similarly, for all 1 < « < j < n + 3, 

(-1)"'+^ *ejai,n+3Cij = -a],n+3Cj,n+3 + ai,n+3Ci,n+3- (4.4) 

By induction, dimg^ ^ n + 1 by equations (j4.3p and (j4.4p . It contradicts dimg^ = n + 2 because 
dimg^ + dimC(0) = n + 3. So the lemma follows. □ 

Theorem 4.4. Let q he a non-abelian {n + 3) -dimensional metric n-Lie algebra. Then q must 
be one of the following cases (only non-zero products or brackets are given). 

(1) There exists a basis x,ei, - ■ ■ ,e„+2 of q such that {x,x) = ±1, (ei,ei) = ±1, {ei,ei) = 1 
for all 2 ^ i ^ m, {ei,ei) = — 1 for all m < i ^ n -\- 2 and the brackets are given by 

[e2, ■ ■ ■ , 6f , • • • , 6jj+2] — Clr-6f , 

where 2 ^ r ^ n + 2 and (— l)*aj(ej, e^) = {—ly aj{ej,ej) for all 2 ^ i,j ^ n + 2. 

(2) There exists a basis x,ei, • • • ,e„+2 of g such that {x,x) = ±1, (ei,e„+2) = 1, {ei,ei) = 1 
for all 2 ^ i ^ m, {ei,ei) = — 1 for all m < i ^ n -\- 1 and the brackets are given by 

[62, • • • ,en+i] = aiei, [e2, • • • ,ei, • • • ,en+2] = a^Ci, 

where 2 ^ i ^ n + 1 and ( — l)"ai = (— l)*aj(ej, e^). 

(3) There exists a basis ei, • • • ,e„+3 of q such that (ei,e„+3) = 1, (e2,e„+2) = ^, {e-ii^i) = 1 
for all 3 ^ i ^ m, {ei,ei) = — 1 for all m < i ^ n -\- 1 and the brackets are given by 

[e3, ■ ■ ■ , e„+i, e„+2] = aiCi, [es, • • • , e^+i, 6^+3] = 0262, 

[63 , ■ ■ ■ , 6j , ■ ■ ■ , Cn^X , Cn+2 5 671+3] — Oiidii 

where 3 ^ i ^ n + 1 and {-l^+^ai = (-l)"+2a2 = (-l)*ai(ei, e^). 

Proof. If C(3) is non-isotropic, then we have the cases (1) and (2) by the classification of (n + 2)- 
dimensional metric n-Lie algebras [24) . If C{q) is isotropic, then dimC(0) = 2 by Lemma 14.31 
Therefore, there is a basis of ei, • • • , e„+3 of g such that ei, 62 € C(g), ei, • • • , e^+i € g^ and 

(ei,e„+3) = (e2,e„+2) = 1, (ej,ei) = e^. 
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where 3 ^ i ^ n + 1. Then we have 

[es, • • • ,e„+2] = aid, [es, • • • ,en+i,e„+3] = 0262, 



(4.5) 



[63, • • • , ej, • • • , en+2, en+s] = a-iei, 3 ^ i ^ n + 1. 
Smce dimg^ = n + 1, we know 7^ for ah 1 ^ i ^ n + 1. Also we have 

([es, • • • , Cj, • • • , en+2, Cn+s], Ci) = - ([es, • • • , ej, • • • , en+2, Cj], e^+s) 

= _(_l)n+2-^^[e3^... ,e„+2],en+3). 
It fohows that (— l)"^"^ai = (— l)*ajej. Similarly, (— l)"^"^a2 = (— l)*ajei. It is a direct calculation 
to check that ()4.5p satisfies the Jacobi identity. Then the theorem follows. □ 

Corollary 4.5. I/q is a non-abelian {n+3)- dimensional metric n-Lie algebra, then dim C (q) = 2 
and dimg^ = n + 1. 
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